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Endogenous	
  growth	
  means	
  that	
  these	
  models	
  find	
  ways	
  for	
  an	
  economy	
  to	
  grow	
  
without	
  any	
  external	
  factors.	
  The	
  Solow	
  model	
  needed	
  exogenous	
  technological	
  
growth,	
  g,	
  to	
  explain	
  long-­‐run	
  growth	
  of	
  output	
  per	
  worker,	
  and	
  so	
  the	
  Solow	
  
model	
  doesn’t	
  really	
  explain	
  growth	
  at	
  all!	
  
	
  
Now	
  we	
  shall	
  look	
  for	
  the	
  “AK”	
  which	
  allows	
  for	
  long-­‐run	
  economy	
  growth	
  –	
  by	
  
removing	
  diminishing	
  marginal	
  returns.	
  
	
  
	
  
	
  
1) Romer’s	
  Learning	
  by	
  Doing	
  Model	
  
	
  
In	
   this	
   model,	
   workers	
   become	
   better	
   at	
  
producing	
  output,	
   and	
  hence	
  more	
   efficient	
   and	
  
productive,	
  as	
  they	
  produce	
  more.	
  Like	
  a	
  trainee	
  
chef	
   learning	
   to	
   chop	
   up	
   ingredients.	
   The	
   first	
  
time	
   cutting	
   up	
   a	
   cucumber	
   or	
   dicing	
   an	
   onion,	
  
he	
   is	
   unfamiliar	
   with	
   the	
   knife,	
   and	
   weary	
   of	
  
cutting	
   his	
   fingers,	
   so	
   he	
   is	
   slow,	
   taking	
   each	
  
chop	
   one	
   at	
   a	
   time.	
  With	
   practise,	
   however,	
   he	
  
gradually	
  gains	
  confidence	
  and	
  skills	
  until	
  he	
  is	
  a	
  
knife-­‐wielding	
  expert,	
  capable	
  of	
  cutting	
  through	
  
a	
   dozen	
   cucumbers	
   in	
   the	
   blink	
   of	
   an	
   eye.	
  Over	
  
time,	
   the	
   same	
   chef	
   has	
   learned	
   to	
   produce	
   far	
  
more	
   output,	
   without	
   any	
   external	
   (or	
  
exogenous)	
  factors.	
  	
  
	
  
How	
  to	
  model	
  this	
  learning	
  process:	
  
	
  
Each	
  firm	
  has	
  the	
  production	
  function	
  of	
  𝑌! = 𝐾!∝(𝐵𝑁!)!!∝	
  where	
  ∝	
  is	
  less	
  
than	
  one	
  as	
  usual.	
  However,	
  B	
  here	
  is	
  going	
  to	
  capture	
  our	
  learning-­‐by-­‐doing	
  
process.	
  B	
  represents	
  the	
  skills	
  or	
  knowledge	
  that	
  workers	
  acquire	
  through	
  
the	
  production	
  process.	
  The	
  chef	
  above	
  learns	
  how	
  to	
  use	
  his	
  knife,	
  and	
  
similarly	
  a	
  construction	
  worker	
  learns	
  how	
  to	
  use	
  a	
  spade	
  or	
  diggers	
  with	
  
more	
  practise.	
  They	
  can	
  then	
  teach	
  others	
  (for	
  free)	
  as	
  skills	
  are	
  passed	
  on	
  
from	
  worker	
  to	
  worker,	
  generation	
  to	
  generation.	
  B	
  is	
  therefore	
  a	
  positive	
  
production	
  externality.	
  
	
  
Economy-­‐wide	
  knowledge,	
  𝐵 = 𝜆𝐾	
  meaning	
  that	
  the	
  skills	
  and	
  knowledge	
  
are	
  proportional	
  to	
  the	
  capital	
  stock	
  –	
  more	
  knives	
  mean	
  that	
  more	
  chefs	
  can	
  
learn	
  how	
  to	
  chop	
  faster.	
  As	
  long	
  as	
  𝜆 > 0	
  the	
  externality	
  of	
  learning-­‐by-­‐
doing	
  is	
  positive	
  and	
  the	
  workforce	
  will	
  become	
  more	
  and	
  more	
  productive	
  
with	
  more	
  capital.	
  
	
  
Why	
  is	
  this	
  endogenous?	
  
Over	
  time,	
  workers	
  are	
  becoming	
  more	
  productive	
  with	
  the	
  same	
  capital	
  and	
  
technology	
  (we	
  have	
  not	
  assumed	
  any	
  technological	
  growth,	
  g,	
  here).	
  As	
  they	
  
become	
  more	
  productive,	
  they	
  produce	
  more	
  output,	
  and	
  save	
  more,	
  allowing	
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more	
  investment	
  in	
  capital	
  goods.	
  𝐵 = 𝜆𝐾	
  is	
  the	
  key	
  assumption	
  here	
  as	
  it	
  
tells	
  us	
  that	
  the	
  learning	
  process	
  is	
  proportional	
  to	
  the	
  amount	
  of	
  capital.	
  
Therefore,	
  more	
  capital	
  means	
  more	
  learning,	
  making	
  the	
  work	
  force	
  even	
  
more	
  productive	
  and	
  so	
  there	
  is	
  even	
  more	
  capital	
  produced,	
  meaning	
  even	
  
more	
  learning,	
  making	
  the	
  work	
  force	
  even	
  more	
  and	
  more	
  productive….	
  you	
  
get	
  the	
  point.	
  
	
  
The	
  maths	
  
	
  
Individual	
  Production	
  Function:	
  𝑌! = 𝐾!∝ 𝐵𝑁! !!∝	
  
each	
  individual	
  firm	
  still	
  has	
  diminishing	
  marginal	
  returns	
  to	
  capital	
  as	
  ∝< 1	
  
	
  
Key	
  Assumption:	
  For	
  the	
  aggregate	
  production	
  function	
  𝐵 = 𝜆𝐾	
  
	
  
Aggregate	
  Firm’s	
  production:	
  𝑌𝐾∝ 𝜆𝐾𝑁 !!∝ =   𝐾 𝜆𝑁 !!∝	
  
	
  
This	
  is	
  now	
  similar	
  to	
  the	
  AK	
  Model	
  as	
  MPK	
  is	
  not	
  diminishing	
  at	
  the	
  
aggregate	
  level	
  only	
  (𝑀𝑃𝐾 =    𝜆𝑁 !!∝)	
  
	
  
	
  
The	
  growth	
  rate	
  of	
  capital	
  and	
  output	
  is	
  given	
  by	
  the	
  capital	
  accumulation	
  
equation:	
  
	
  

𝐾! − 𝐾 = 𝑠𝑌 − 𝑑𝐾	
  
𝑘! − 𝑘 = 𝑠  𝑘 𝜆𝑁 !!∝ − 𝑑𝑘	
  

	
  

𝒈𝒚 = 𝒈𝒌 =
𝑘! − 𝑘
𝑘 =

𝑠  𝑘 𝜆𝑁 !!∝ − 𝑑𝑘
𝑘 =   𝑠 𝜆𝑁 !!∝ − 𝑑	
  

	
  
As	
  the	
  savings/investment	
  line	
  𝑠 𝜆𝑁 !!∝	
  is	
  independent	
  of	
  capital,	
  there	
  is	
  no	
  
diminishing	
  MPK	
  and	
  no	
  steady	
  state.	
  If	
  𝑠 𝜆𝑁 !!∝ > 𝑑	
  then	
  we	
  have	
  an	
  AK	
  
model	
  with	
  endogenous	
  long	
  run	
  growth	
  (even	
  without	
  n	
  or	
  g!).	
  
	
  
	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
   	
  
Conclusions	
  of	
  Romer’s	
  Learning	
  by	
  Doing	
  Model	
  
	
  

k	
  

Savings	
  line	
  
𝑠 𝜆𝑁 !!∝  𝑘	
  

Depreciation	
  line	
  
dk	
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v No	
  diminishing	
  MPK	
  in	
  the	
  aggregate	
  production	
  function	
  due	
  to	
  positive	
  
production	
  externalities	
  from	
  learning	
  how	
  to	
  use	
  capital	
  more	
  efficiently.	
  

v The	
  savings	
  rate	
  in	
  this	
  model	
  affects	
  the	
  growth	
  rate	
  –	
  higher	
  savings	
  
means	
  higher	
  long-­‐run	
  growth.	
  

v There	
  will	
  not	
  be	
  any	
  convergence	
  between	
  rich	
  and	
  poor	
  countries	
  
v When	
  𝐵 = 𝜆𝐾	
  the	
  growth	
  equation	
  is	
  dependent	
  upon	
  aggregate	
  

population,	
  N,	
  meaning	
  that	
  there	
  are	
  “scale	
  effects”	
  –	
  higher	
  population	
  
leads	
  to	
  higher	
  growth	
  rates	
  as	
  the	
  learning	
  by	
  doing	
  process	
  will	
  occur	
  
faster	
  with	
  more	
  people	
  sharing	
  the	
  knowledge.	
  If	
  desired,	
  this	
  can	
  be	
  
removed	
  by	
  changing	
  the	
  assumption	
  to	
  𝐵 = 𝜆𝑘	
  where	
  aggregate	
  K	
  is	
  
replaced	
  by	
  per	
  worker	
  k.	
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2) The	
  Human	
  Capital	
  Model	
  
Human	
  Capital	
  essential	
  means	
  number	
  of	
  years	
  
of	
   education	
   and	
   training.	
   The	
   Solow	
   model	
  
failed	
   to	
   take	
   into	
   account	
   the	
   quality	
   of	
   its	
  
workforce.	
   Just	
   as	
   technology	
   can	
   grow	
   and	
  
become	
   more	
   productive,	
   so	
   too	
   can	
   the	
  
workforce,	
  and	
  a	
  workforce	
  with	
  more	
  skills	
  and	
  
competencies	
  will	
  be	
  more	
  productive.	
  Through	
  
investment	
   in	
   education	
   and	
   training	
   (and	
  
universities)	
   the	
   workforce	
   will	
   become	
   more	
  
productive.	
  

	
  
Key	
  difference	
  between	
  human	
  capital	
  and	
  learning-­‐by-­‐doing:	
  human	
  capital	
  
requires	
  a	
  costly	
  investment	
  by	
  firms.	
  Human	
  capital	
  has	
  two	
  other	
  important	
  
properties:	
  

1) It	
  is	
  non-­‐rival	
  and	
  so	
  one	
  personal’s	
  knowledge	
  does	
  not	
  deter	
  another’s.	
  
Unlike	
  physical	
  capital,	
  where	
  machines	
  often	
  cannot	
  be	
  shared.	
  

2) Capital’s	
  return	
  on	
  investment	
  diminishes	
  as	
  a	
  higher	
  population	
  
diminishes	
  the	
  usefulness	
  of	
  that	
  machine	
  and	
  also	
  causes	
  further	
  
depreciation,	
  whereas	
  a	
  university	
  can	
  continuously	
  educate	
  the	
  
population.	
  

	
  
Theory:	
  Human	
  capital	
  can	
  lead	
  to	
  unbounded	
  economic	
  growth	
  even	
  without	
  
exogenous	
  factors	
  such	
  as	
  technology	
  because	
  human	
  capital	
  does	
  not	
  suffer	
  
from	
  diminishing	
  marginal	
  product.	
  
	
  
The	
  Representative	
  Consumer	
  
	
  
…has	
  many	
  assumptions	
  such	
  as	
  no	
  leisure	
  or	
  saving!	
  They	
  only	
  face	
  a	
  choice	
  
between	
  working	
  or	
  training/studying	
  at	
  university.	
  
	
  
Consumers	
  can	
  split	
  their	
  time	
  between	
  working,	
  u,	
  and	
  studying	
  1-­‐u.	
  For	
  
example,	
  if	
  𝑢 = 0.4	
  then	
  the	
  consumer	
  spends	
  40%	
  of	
  their	
  time	
  working	
  and	
  the	
  
other	
  60%	
  (1− 𝑢 = 0.6)	
  studying.	
  
	
  
	
  

𝐶𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛   =   𝑤  ×  𝑢  ×  𝐻!  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Learning	
  at	
  university	
  has	
  the	
  benefit	
  of	
  increasing	
  the	
  consumer’s	
  stock	
  of	
  
human	
  capital,	
  which	
  the	
  above	
  equation	
  shows	
  will	
  lead	
  to	
  higher	
  consumption	
  
(assumed	
  to	
  be	
  through	
  higher	
  wages	
  acquired	
  with	
  more	
  skills).	
  
	
  

wage	
  
fraction	
  of	
  

hours	
  devoted	
  
to	
  working	
  

stock	
  of	
  human	
  
capital	
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However,	
  there	
  is	
  a	
  payoff	
  between	
  current	
  and	
  future	
  consumption.	
  Time	
  in	
  
education	
  is	
  not	
  paid,	
  and	
  it	
  is	
  only	
  the	
  promise	
  of	
  higher	
  wages	
  (through	
  higher	
  
HS)	
  that	
  makes	
  studying	
  attractive.	
  
	
  
	
  
Human	
  Capital	
  Equation:	
  
	
  

𝐻!! = 𝑏 1− 𝑢 𝐻!!	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
This	
  is	
  complicated	
  mathematical	
  way	
  of	
  saying	
  that	
  studying	
  increases	
  your	
  
employability	
  further.	
  
	
  
	
  
The	
  Representative	
  Firm	
  
	
  
We	
  assume	
  no	
  physical	
  capital	
  to	
  make	
  it	
  simpler,	
  and	
  no	
  demand	
  for	
  pure	
  
labour.	
  Firms	
  only	
  demand	
  human	
  capital,	
  Hd	
  because	
  they	
  care	
  about	
  the	
  quality	
  
of	
  their	
  workers,	
  not	
  the	
  sheer	
  number.	
  
	
  
	
  

𝑇ℎ𝑒  𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛  𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛:  𝑌 =   𝑧  ×  𝑢  ×  𝐻!   
	
  
Properties:	
  

v Constant	
  Returns	
  to	
  scale	
  as	
  only	
  one	
  variable.	
  If	
  Hd	
  increases	
  by	
  10%	
  
then	
  Y	
  increases	
  by	
  10%.	
  

	
  
𝑇ℎ𝑒  𝑃𝑟𝑜𝑓𝑖𝑡  𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛:  𝜋 =   𝑌 −   𝑤  ×  𝑢  ×  𝐻!   

	
  
	
  
	
  
	
  
	
  
	
  
	
  
Therefore,	
  substituting	
  the	
  production	
  function	
  into	
  the	
  profit	
  function:	
  
	
  

𝜋 =   𝑧𝑢𝐻! − 𝑤𝑢𝐻! 	
  or	
  𝜋 = (𝑧 − 𝑤)𝑢𝐻!   
	
  
This	
  means	
  that	
  if	
  𝑧 > 𝑤	
  then	
  profits	
  increase	
  forever	
  with	
  human	
  capital,	
  and	
  
this	
  would	
  break	
  the	
  model	
  (we	
  have	
  to	
  assume	
  perfect	
  competition	
  for	
  this	
  
model	
  to	
  make	
  any	
  sense!)	
  

b	
  captures	
  the	
  
efficiency	
  of	
  education	
  
and	
  training	
  (𝑏 > 0)	
  

fraction	
  of	
  
hours	
  devoted	
  
to	
  studying	
  

stock	
  of	
  human	
  
capital	
  

wage	
  
fraction	
  of	
  

hours	
  devoted	
  
to	
  working	
  

amount	
  of	
  human	
  
capital	
  demanded	
  

by	
  firms	
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If	
  𝑧 < 𝑤	
  then	
  profits	
  would	
  be	
  zero	
  and	
  the	
  firm	
  would	
  shut	
  down.	
  
Therefore,	
  the	
  only	
  equilibrium	
  would	
  be	
  when	
  𝑧 = 𝑤	
  and	
  makes	
  no	
  profits.	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
   	
  
	
  
The	
  Equilibrium	
  of	
  the	
  model	
  is	
  therefore	
  when:	
  

1) 𝐻! = 𝐻! = 𝐻∗	
  
2) 𝑧 = 𝑤	
  
3) 𝐶   =   𝑧𝑢𝐻  

	
  
	
  
Growth	
  Rate	
  of	
  Human	
  Capital:	
  
As	
  said	
  previously,	
  output	
  grows	
  with	
  human	
  capital	
  and	
  so	
  the	
  growth	
  rate	
  of	
  
the	
  economy	
  is	
  the	
  growth	
  rate	
  of	
  human	
  capital.	
  
	
  

𝒈𝒀 = 𝒈𝑯 =
𝐻! − 𝐻
𝐻 =

𝑏 1− 𝑢 𝐻 − 𝐻
𝐻 	
  

	
  
𝒈𝑯 = 𝑏 1− 𝑢 − 1	
  

	
  
	
  
	
  
	
  
	
  
	
  
How	
  to	
  grow	
  faster	
  in	
  the	
  human	
  capital	
  model?	
  
	
  
Either	
  increase	
  the	
  efficiency	
  of	
  education	
  (better	
  quality	
  university	
  notes!!!)	
  or	
  
increase	
  (1− 𝑢),	
  the	
  amount	
  of	
  time	
  in	
  education,	
  meaning	
  less	
  time	
  in	
  work.	
  
	
  
	
  

stock	
  of	
  human	
  
capital,	
  uH	
  

wage	
  

uHd	
  

uHS	
  

z	
  

H*	
  

endogenous	
  Growth	
  Rate	
  of	
  
Human	
  Capital	
  


